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Duality in a special class of
submanifolds and Frobenius manifolds
O.I. Mokhov
Consider totally nonisotropic N -dimensional submanifolds MN in (N + L)-di-
mensional pseudo-Euclidean spaces EN+Lk (N -dimensional submanifolds that are not
tangent to isotropic cones of the ambient (N+L)-dimensional pseudo-Euclidean space
at their points).
Let (z1, . . . , zN+L) be pseudo-Euclidean coordinates in EN+Lk ; a submanifold M
N
is given by a smooth vector-function r = (z1(u1, . . . , uN), . . . , zN+L(u1, . . . , uN)),
rank (∂zi/∂uj) = N, 1 ≤ i ≤ N + L, 1 ≤ j ≤ N ; ∂r/∂ui = ri(u), 1 ≤ i ≤ N ,
is a basis of the tangent space at an arbitrary point u = (u1, . . . , uN) of the sub-
manifold MN ; n1(u), . . . , nL(u) is an arbitrary basis of the normal space Nu that
depends smoothly on the point u; gij(u) = (ri, rj), 1 ≤ i, j ≤ N , is the first fun-
damental form of the submanifold ((·, ·) is the pseudo-Euclidean scalar product in
E
N+L
k ), hαβ(u) = (nα, nβ), 1 ≤ α, β ≤ L (det gij(u) 6= 0 and det hαβ(u) 6= 0 for
totally nonisotropic submanifolds). The Gauss and Weingarten decompositions have
the form
∂2r
∂ui∂uj
= akij(u)
∂r
∂uk
+ bβij(u)nβ(u),
∂nα
∂uj
= ckαj(u)
∂r
∂uk
+ dβαj(u)nβ(u), (1)
respectively. The coefficients akij(u), b
β
ij(u), c
k
αj(u), d
β
αj(u), the metric gij(u) and the
functions hαβ(u) satisfy a number of relations including the Gauss equations, the
Codazzi equations and the Ricci equations for any submanifold. Note that in this
paper we consider only the local theory of submanifolds.
We shall single out a special class of N -dimensional submanifolds in 2N -dimensi-
onal pseudo-Euclidean spaces. Our purpose is to single out the case, when the sets
of the basis vectors of the tangent and normal spaces, ri(u), 1 ≤ i ≤ N , and nα(u),
1 ≤ α ≤ L, possess equal rights and are dual one to another. It is obvious that the
condition L = N is necessary for such duality. Moreover, another necessary condition
is the potentiality of the basis nα(u): nα(u) = ∂n/∂u
α, 1 ≤ α ≤ N , where n(u) is a
certain vector-function on the submanifold.
Definition 1. A basis nα(u), 1 ≤ α ≤ N , in the normal space Nu of a certain
N -dimensional submanifold in a 2N -dimensional pseudo-Euclidean space is called
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potential if there exists a vector-function (a potential of the normals) n(u) on the
submanifold such that nα(u) = ∂n/∂u
α, 1 ≤ α ≤ N .
If the vector-function n(u) exists, then it generates a potential basis in the normal
space Nu in any coordinate system.
Definition 2. An N -dimensional submanifold in a 2N -dimensional pseudo-
Euclidean space is called a submanifold with potential normal basis (or a submanifold
with potential of normals) if there exists a vector-function (a potential of normals)
n(u) on the submanifold such that the vectors ni(u) = ∂n/∂u
i, 1 ≤ i ≤ N , form a
basis in the normal space Nu at any point u on the submanifold.
Definition 2 is invariant (it does not depend on a local coordinate system).
The coefficients akij(u) in the Gauss decomposition (1) are always the coefficients
of the Levi-Civita connection of the metric gij(u). If the submanifold is equipped
with a potential normal basis, then a similar assertion is also true for the coefficients
dβαj(u) in the Weingarten decomposition (1). Consider the corresponding Gauss and
Weingarten decompositions:
∂2r
∂ui∂uj
= akij(u)
∂r
∂uk
+ bkij(u)
∂n
∂uk
,
∂2n
∂ui∂uj
= ckij(u)
∂r
∂uk
+ dkij(u)
∂n
∂uk
. (2)
Theorem 1. The functions hij(u) = (∂n/∂u
i, ∂n/∂uj) define a covariant metric
on the submanifold, and the coefficients dkij(u) in the Weingarten decomposition (2)
are the coefficients of the symmetric affine connection compatible with the metric
hij(u), that is the coefficients of the Levi-Civita connection of the metric hij(u). The
coefficients bkij(u) and c
k
ij(u) are tensors of type (1, 2) symmetric with respect to the
subscripts i and j on the submanifold MN .
Theorem 2 (duality principle). If a submanifold is equipped with a potential of
normals n(u) and given by the vector-functions (r(u), n(u)), then the vector-functions
(n(u), r(u)) also give a submanifold equipped with the potential of normals r(u) such
that ∂n/∂ui, 1 ≤ i ≤ N, are tangent vectors and ∂r/∂ui, 1 ≤ i ≤ N, are basis normal
vectors of the submanifold, and moreover, in this case all the objects of the local theory
of such submanifolds are dual to each other, in particular, the Gauss decomposition
becomes the Weingarten decomposition and the Weingarten decomposition becomes the
Gauss decomposition, the Gauss equations becomes the Ricci equations and the Ricci
equations becomes the Gauss equations, the Codazzi equations changes to themselves
(they are self-dual), the tensor bkij(u) becomes the tensor c
k
ij(u) and the tensor c
k
ij(u)
becomes the tensor bkij(u), the metric gij(u) becomes the metric hij(u) and vice versa.
Submanifolds with potential of normals form an important and rich class of sub-
manifolds. Arbitrary one-dimensional submanifolds of pseudo-Euclidean planes are
a trivial example of such submanifolds. The general theory of submanifolds with
potential of normals, the duality principle for them and important examples will be
presented in a separate paper. The submanifolds equipped with natural Frobenius
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structures, which were constructed by the present author in [1]–[5] and which realize
arbitrary Frobenius manifolds (the theory of Frobenius manifolds was constructed in
[6]), are a particular case of submanifolds with potential of normals. The present
author has proved in [1] and [2] that an arbitrary Frobenius manifold can be realized
as a certain flat submanifold with potential of normals for which gij(u) = chij(u),
c = const 6= 0, where c is a deformation parameter preserving the corresponding
Frobenius structure. Let hij(u) = ηij , ηij = ηji, det ηij 6= 0, ηij = const, gij = cηij ,
c = const 6= 0. In this case, for the submanifolds with potential of normals, the rela-
tions akij(u) = d
k
ij(u) = 0 are satisfied, and also there exists a function Φ(u) such that
bkij(u) = η
ks∂3Φ/∂us∂ui∂uj , ckij(u) = −(1/c) b
k
ij(u), η
isηsj = δ
i
j , and all the relations of
the local theory of submanifolds are satisfied if and only if the function Φ(u) satisfies
the associativity equations of two-dimensional topological quantum field theories (the
Witten–Dijkgraaf–Verlinde–Verlinde equations, see [6])
∂3Φ
∂ui∂uj∂us
ηsp
∂3Φ
∂up∂uk∂ul
=
∂3Φ
∂ui∂uk∂us
ηsp
∂3Φ
∂up∂uj∂ul
. (3)
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